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Do we need QM?

Failures of Classical Mechanics

The Wall
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Do we need QM?

One big failure

Failures of Classical Mechanics

e Double Slit Experiment:
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Do we need QM?

Failures of Classical Mechanics

One big failure

e Double Slit Experiment:
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e Particles behave like waves? Superposition effects??
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Do we need QM?

Failures of Classical Mechanics

Ok, now that's bad

e The stability of the atom
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Do we need QM?

Failures of Classical Mechanics

Ok, now that's bad

e The stability of the atom

2.2
e According to Larmor’s formula <P >

e How come matter is stable?

Guilherme Dias Vianna Quantum Mechanics: A Pedagogical Approach to a Geome



Do we need QM?

Failures of Classical Mechanics

So...how to fix this?

e What else did we found that was weird??
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Do we need QM?

Failures of Classical Mechanics

So...how to fix this?

e What else did we found that was weird??

e Most physical quantities (energy, for instance) take discrete
values in the atomic scale!
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Do we need QM?

Failures of Classical Mechanics

So...how to fix this?

e What else did we found that was weird??

e Most physical quantities (energy, for instance) take discrete
values in the atomic scale!

e When we measure our system, it seems that we interfere with
it!
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Do we need QM?
Failures of Classical Mechanics

So...how to fix this?

e What else did we found that was weird??

e Most physical quantities (energy, for instance) take discrete
values in the atomic scale!

e When we measure our system, it seems that we interfere with
it!

e Only certain "configurations"seem right!
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QM as a closed theory The Postulates

Applications

Quantum Mechanics!
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QM as a closed theory The Postulates
Applications

Each more beautiful than the last!

First Postulate:
All the information of a physical system (or, more precisely, it's
state) is represented by a vector |¢) in a given Hilbert space /7.
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QM as a closed theory The Postulates
Applications

Each more beautiful than the last!

First Postulate:

All the information of a physical system (or, more precisely, it's
state) is represented by a vector |¢) in a given Hilbert space /7.
But what is 77
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QM as a closed theory The Postulates
Applications

Each more beautiful than the last!

First Postulate:

All the information of a physical system (or, more precisely, it's
state) is represented by a vector |¢) in a given Hilbert space /7.
But what is 777

A Hilbert Space is just a vector space over C (with a little bit
more...)
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QM as a closed theory The Postulates
Applications

Each more beautiful than the last!

First Postulate:

All the information of a physical system (or, more precisely, it's
state) is represented by a vector |¢) in a given Hilbert space /7.
But what is 777

A Hilbert Space is just a vector space over C (with a little bit
more...)

All the ideas and properties of vector sum in R? are present here!
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QM as a closed theory The Postulates
Applications

Each more beautiful than the last!

First Postulate:

All the information of a physical system (or, more precisely, it's
state) is represented by a vector |¢) in a given Hilbert space /7.
But what is 777

A Hilbert Space is just a vector space over C (with a little bit
more...)

All the ideas and properties of vector sum in R? are present here!

u+v —|u)+|v)
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QM as a closed theory The Postulates
Applications

Now that's differentl!

Postulate 2: A physical observable O is associated to a
hermitian operator O!
O act on the states of 77
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QM as a closed theory The Postulates
Applications

Now that's differentl!

Postulate 2: A physical observable O is associated to a
hermitian operator O!

O act on the states of J#

The values of O we can measure are given by the eigenvalues of O
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QM as a closed theory The Postulates
Applications

Now that's differentl!

Postulate 2: A physical observable O is associated to a
hermitian operator O!

O act on the states of J#

The values of O we can measure are given by the eigenvalues of O

EIGEN-WHAT 77
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QM as a closed theory The Postulates
Applications

Now that's differentl!

Postulate 2: A physical observable O is associated to a
hermitian operator O!

O act on the states of J#

The values of O we can measure are given by the eigenvalues of O

EIGEN-WHAT 77

~ i
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QM as a closed theory The Postulates
Applications

A small detour in eigenproblems

The eigenvalues of an operator A are the numbers that satisfy:

Alp) = aly)
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QM as a closed theory The Postulates
Applications

A small detour in eigenproblems

The eigenvalues of an operator A are the numbers that satisfy:

Alp) = aly)

Where a is, at first, a complex number.
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QM as a closed theory The Postulates
Applications

A small detour in eigenproblems

The eigenvalues of an operator A are the numbers that satisfy:

Alp) = aly)

Where a is, at first, a complex number.

The vectors |¢)) are called eigenvectors of a (constitute a basis of
) .
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QM as a closed theory The Postulates
Applications

A small detour in eigenproblems

The eigenvalues of an operator A are the numbers that satisfy:

Alp) = aly)

Where a is, at first, a complex number.

The vectors |¢)) are called eigenvectors of a (constitute a basis of
If the Hilbert space has a finite dimension, A can be represented by
a matrix, we then can find the eigenvalues through:

det(fi - ai) =0
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QM as a closed theory The Postulates
Applications

A small detour in eigenproblems

The eigenvalues of an operator A are the numbers that satisfy:

Alp) = aly)

Where a is, at first, a complex number.

The vectors |¢)) are called eigenvectors of a (constitute a basis of
If the Hilbert space has a finite dimension, A can be represented by
a matrix, we then can find the eigenvalues through:

det(fi - ai) =0

If the dimension is infinite, we need to solve a differential
equation!
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QM as a closed theory The Postulates
Applications

Here comes a new challenger!

Third Postulate: The probability of measuring certain observable
O with value v, is given by:

P = ’(%WHZ
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QM as a closed theory The Postulates
Applications

Here comes a new challenger!

Third Postulate: The probability of measuring certain observable
O with value v, is given by:

P = ’(%WHZ

Here, (¢¢)) «— ¢ -
Imposing that ||¢]| = ||¢| = 1, we get that (¢|¢) is the
projection of |¢)) onto the direction of ¢!
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QM as a closed theory The Postulates
Applications

Here comes a new challenger!

Third Postulate: The probability of measuring certain observable
O with value v, is given by:

P = ’(%WHZ

Here, (¢¢)) «— ¢ -
Imposing that ||¢]| = ||¢| = 1, we get that (¢|¢) is the
projection of |¢)) onto the direction of ¢!

Immediately after the measurement, the state becomes |v,) itself.
(Collapse of state).
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QM as a closed theory The Postulates
Applications

Here comes a new challenger!

Third Postulate: The probability of measuring certain observable
O with value v, is given by:

P = ’(%WHZ

Here, (¢¢)) «— ¢ -
Imposing that ||¢]| = ||¢| = 1, we get that (¢|¢) is the
projection of |¢)) onto the direction of ¢!

Immediately after the measurement, the state becomes |v,) itself.
(Collapse of state).
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QM as a closed theory The Postulates
Applications

THE equation

Fourth Postulate: The system evolves in time according to
. d "
ihGk = Fl)

Schrddinger’s Equation
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QM as a closed theory The Postulates
Applications

THE equation

Fourth Postulate: The system evolves in time according to

. d "

ihGk = Fl)
Schrddinger’s Equation

H is the hamiltonian of the system (kinda like the energy?) and

represents all the relevant interactions
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QM as a closed theory The Postulates
Applications

THE equation

Fourth Postulate: The system evolves in time according to

. d "

ihGk = Fl)
Schrddinger’s Equation

H is the hamiltonian of the system (kinda like the energy?) and

represents all the relevant interactions
If the hamiltonian is time independent, we can solve it "formally":

iHt

(1)) = e” 7 [¥(to))

Guilherme Dias Vianna Quantum Mechanics: A Pedagogical Approach to a Geome



QM as a closed theory The Postulates
Applications

THE equation

Fourth Postulate: The system evolves in time according to

. d "

ihGk = Fl)
Schrddinger’s Equation

H is the hamiltonian of the system (kinda like the energy?) and

represents all the relevant interactions
If the hamiltonian is time independent, we can solve it "formally":

iHt

[(8) = e 7 [¢(to))
EXPONENTIAL OF A MATRIX??
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QM as a closed theory The Postulates
Applications

A second, more fun detour

Every (good) function can be expanded in what we call a Taylor
Series:
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QM as a closed theory The Postulates
Applications

A second, more fun detour

Every (good) function can be expanded in what we call a Taylor
Series:

Zf”x —fo+f1:z:+f2 +.
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QM as a closed theory The Postulates
Applications

A second, more fun detour

Every (good) function can be expanded in what we call a Taylor
Series:

Zf"x —fo+f1:z:+f2—+

In the case of the exponential function:

1
$:1+m+§x2...
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QM as a closed theory The Postulates
Applications

A second, more fun detour

Every (good) function can be expanded in what we call a Taylor
Series:

Zf"x —fo+f1:z:+f2—+

In the case of the exponential function:

1
$:1+m+§x2...

Well...
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QM as a closed theory The Postulates
Applications

A second, more fun detour

Every (good) function can be expanded in what we call a Taylor
Series:

Zf”x —fo+f1:z:+f2 +.

In the case of the exponential function:

1
$:1+m+§x2...

Well...
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QM as a closed theory The Postulates
Applications

And why they are reasonable?

e The use of vectors and complex numbers guarantees
superposition!
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QM as a closed theory The Postulates
Applications

And why they are reasonable?

e The use of vectors and complex numbers guarantees
superposition!

e Hermitian operators always have real eigenvalues!
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QM as a closed theory The Postulates
Applications

And why they are reasonable?

e The use of vectors and complex numbers guarantees
superposition!
e Hermitian operators always have real eigenvalues!

e The use of scalar products guarantees that the usual
probability laws hold just fine!
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QM as a closed theory The Postulates
Applications

The Ethylene Molecule
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QM as a closed theory The Postulates
Applications

The most general hamiltonian in this case is:

~ (Ey —-A
=5 %)
It's eigenvalues/vectors are:

Eiy=EyF A, |x+) = *(|¢1> + [¢2))

g
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QM as a closed theory The Postulates

Applications

By projecting |x+) onto the basis of position |z) (more to come

about this):
N) @z(y\
& + . 2 L t L
1 o 1 2
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Some difficulties

The position operator The solution!

The position operator X is a little more complicated since | want it
to have a continuous set of eigenvalues
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Some difficulties

The position operator The solution!

The position operator X is a little more complicated since | want it
to have a continuous set of eigenvalues
What would | like:
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Some difficulties

The position operator The solution!

The position operator X is a little more complicated since | want it
to have a continuous set of eigenvalues
What would | like:
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Some difficulties

The position operator The solution!

The position operator X is a little more complicated since | want it
to have a continuous set of eigenvalues
What would | like:

The second equation shows me that there is something quite
strange...
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Some difficulties

The position operator The solution!

The position operator X is a little more complicated since | want it
to have a continuous set of eigenvalues
What would | like:

The second equation shows me that there is something quite
strange...

Reason: Since there are a continuous number of "wanted
eigenvalues"and the domain of this operator is not quite clear, this
operator is unbounded in J#! (so |x) are not really elements of
S, even though they form a of basis!)

Guilherme Dias Vianna Quantum Mechanics: A Pedagogical Approach to a Geome



Some difficulties
The position operator The solution!

The third and final detour

In reality, |x) are elements of the space of tempered distributions
2! It can be shown that 7 C 2
They form a basis in the a sense and are subject to the relation:

[(x/[x) = 6(x' — %) |
Improper normalization!
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Some difficulties
The position operator The solution!

The third and final detour

In reality, |x) are elements of the space of tempered distributions
2! 1t can be shown that 77 C 2
They form a basis in the a sense and are subject to the relation:
[(x/[x) = 6(x' — %) |
Improper normalization!
If we project a state vector [¢(t)) onto this subspace we get
something called a wavefunction!

(x|ip) = h(x, 1)
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Schrédinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

First rule of position club:

By projecting Schrédinger’s equation on the subspace of position:
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Schrédinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

First rule of position club:

By projecting Schrédinger’s equation on the subspace of position:

<! [v) = (x|H[v)
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Schrédinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

First rule of position club:

By projecting Schrédinger’s equation on the subspace of position:

ih{x ! L) = (x|H[v)
We get it on the representation of space:
ih%—lf(x, t) = Hp(x,t)

A partial differential equation!
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

What have you brought upon this cursed land...

The hamiltonian for a single particle is:
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

What have you brought upon this cursed land...

The hamiltonian for a single particle is:

K2 9
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

What have you brought upon this cursed land...

The hamiltonian for a single particle is:

2 2 2
Where V? = 8— a— a— is called the laplacian operator

C 0x2  Oy? + 022
In the case of the hydrogen atom:
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

The eigenvalue problem

| could try to walk you through the resolution of what's left
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

The eigenvalue problem

| could try to walk you through the resolution of what's left
e We need to rewrite V2 in spherical coordinates
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

The eigenvalue problem

| could try to walk you through the resolution of what's left
e We need to rewrite V2 in spherical coordinates

v2_ig QQ +;2 si QQ +;i2
“ 2o\ or 2sn0od \° o0 2 sin? § Op?
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

The eigenvalue problem

| could try to walk you through the resolution of what's left
e We need to rewrite V2 in spherical coordinates

v2_ig QQ + 1 2 si QQ + 1 872
“ 2o\ or 2sn0od \° o0 2 sin? § Op?

e Then we would need to solve the eigenvalue problem:

1 €2

n?
- — =F
( 2mv + dmeg T ) v v
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom The solution

The eigenvalue problem

| could try to walk you through the resolution of what's left
e We need to rewrite V2 in spherical coordinates

v2_ig QQ + 1 2 si QQ + 1 872
“ 2o\ or 2sn0od \° o0 2 sin? § Op?

e Then we would need to solve the eigenvalue problem:

h2 1 2
VS )y = Ey
2m 4rteg T

e We can use the separation of variables (because that's God's
command):

U(r,0,0) = R(r)0(0)2(p)
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

"Detailed"resolution

The rest is just trivial computation and
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

"Detailed"resolution

The rest is just trivial computation and

e Theory of partial differential equations
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

"Detailed"resolution

The rest is just trivial computation and

e Theory of partial differential equations

e Special functions

Guilherme Dias Vianna Quantum Mechanics: A Pedagogical Approach to a Geome



Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

"Detailed"resolution

The rest is just trivial computation and

e Theory of partial differential equations
e Special functions

e Lots of coefficients and people's names (Laguerre, Legendre...)
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Schrddinger equation on position space
The problem of the atom
The solution

The Hydrogen Atom

"Detailed"resolution

The rest is just trivial computation and

e Theory of partial differential equations
e Special functions

e Lots of coefficients and people's names (Laguerre, Legendre...)
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

functions, finally

We finally get:
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

The eigenfunctions, finally

We finally get:

Unim (1,0, ) oc e P L2HL (r)YE (0, 0)
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

The eigenfunctions, finally

We finally get:
Yt (1,0, ) oc €T LN () V(0 0)

Quantum Numbers

notom Eigenfunctions
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Schrddinger equation on position space
The problem of the atom

The Hydrogen Atom Thesolution

And does it work?

This solutions gives us:
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Schrddinger equation on position space
The problem of the atom
The solution

The Hydrogen Atom

And does it work?

This solutions gives us:

Increasing energy
n=3 of orbits

lu\l) g E = hf
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Schrddinger equation on position space
The problem of the atom
The solution

The Hydrogen Atom

And does it work?

This solutions gives us:

Increasing energy
n=3 of orbits

with energy E = h

Hydrogen

Sodium

Helium

Neon

Mercury

500
Wavelength (nm)
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The solution

The Hydrogen Atom
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The solution

The Hydrogen Atom

Thank youl
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