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Nature is just as lazy as us
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Invariance is on steroids now
Action as a generator
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Nature is just as lazy as us

Lagrangian:

ﬁ(‘h,(h, an(jla(b, aqn’t) = £(q7q’t) =T-U

Action:
to

S'= L dt
t1
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Nature is just as lazy as us

Hamilton's Principle: The system'’s physical path is the one for which the
action S is minimal.

05 =0

oc_d (ory _,
dq;  dt \9¢;)
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Nature is just as lazy as us

Change of coordinates (q — @) :

Qk: = Qk(q7t)

. Z 3% 3%
And so, we have:

Gk = Qk(Q7 Q7 t)
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Nature is just as lazy as us _

Transformed Lagrangian:

L(Q,Q,1) = L(a(Q,1),d(Q, Q, 1), 1)
OL _ §~ 0L Dy

4 (35_) _Z(i (%) O +%‘9‘1'k)
dt \ 8Q; —~ \dt \9qy) 9Qi = 0gy IQ;
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Nature is just as lazy as us _

oL oL Oqy oL 3qk)
=N (o
0Q; ; (3% 0Qr  0qi 0Q;

4(9) 0L (4 (o0) ocyom_,
dt \ 9Q; 0Qi = \dt \ g, 0qr ) 0Q;
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Getting less lazy

The conjugate momentum:

P = 75—
Oqi

The hamiltonian:

H(g,p,t) = ) (prdr) — £
k

It is the energy... kinda?
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Getting less lazy

Hamilton's equations:

OH . OH
_ Opi
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Getting less lazy

Hamilton's equations:

o oH
bi = 9qi qi = ap;

There's a third one, which we won't really care about:

OH oL

oot
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Getting less lazy

L= prgp—H
k

We can write the action as:

t2
S=/ > puds — H dt
(25

This gives us Hamilton's equations
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Invariance is on steroids now

Change of coordinates in phase space (¢,p) — (Q, P):

. oKX . oK
% =9 "o,

K(Q, P,t) is the transformed Hamiltonian.
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Invariance is on steroids now

Z (PedQr, — prday) + (K — H)dt = d®
k

If this equation is satisfied, we have a canonical transformation.
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Invariance is on steroids now

Natural choice is ® = F(q,Q,t)
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Invariance is on steroids now

Natural choice is ® = F(q,Q,t)

oF oF

pi:a—qi i_a_Qi
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Invariance is on steroids now

Natural choice is ® = F(q,Q,t)

oF oF

pi:a—qi i_a_Qi

Transformed Hamiltonian is:

oF

K(Q,P,t) =H(Q,P,t)+ rn

Pedro Tredezini (FUSP) G



Invariance is on steroids now

New generating function:

G(g, Pt) = ZPQZ+Fq,Q(q,P,t),t)
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Invariance is on steroids now

New generating function:

G(g, Pt) = ZPQZ+Fq,Q(q,P,t),t)

Skipping a few steps:
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Invariance is on steroids now

New generating function:

G(g, Pt) = ZPQZ+Fq,Q(q,P,t),t>

Skipping a few steps:

And the transformed Hamiltonian is:

oG
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Invariance is on steroids now

Qi = Qi(q,p) P; = Pi(q,p)

N 0Qi . 0Q; .
Qi = Zk: i gk + 8pkpk
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Invariance is on steroids now

Qi = Qi(q,p) P; = Pi(q,p)

N 0Qi . 0Q; .
Qi = Zk: i gk + 8pkpk

. —0Q0H 9Q;0H
Q= zk: Oqi Opr,  Opy, Oqy
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Invariance is on steroids now

Inverse:
a = qx(Q, P) pr = pr(Q, P)
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Invariance is on steroids now

Inverse:
a = qx(Q, P) pr = pr(Q, P)

Then:
Z OH 8qk OH Opy,

Oq op; Bpk OP;
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Invariance is on steroids now
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Invariance is on steroids now _

oH
OP;

G -

<3Qi> _ (3%) (aQi) _ (3pk)
Oar /) 4y \OFi)(Qpr) \OPk/(qp) 9F; ) (q.p)
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Invariance is on steroids now

Same procedure with P; and %:
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Invariance is on steroids now _

Same procedure with P; and %:

=, & -l
9k / (q.) Qi) qr) \OPk/)(qp \OQi/(qp)
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Invariance is on steroids now _

Same procedure with P; and %:

=, & -l
9k / (q.) Qi) qr) \OPk/)(qp \OQi/(qp)

K(Q, P,t) = H(q(Q, P),p(Q, P),t)
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Invariance is on steroids now

qQ Q1(q,p)
0 Q2(q,p)
. q.n Soay Qn(é,p)
= 1m ¢ = Pi(q,p)
P2 P(q,p)
P Pa(a,p)
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Invariance is on steroids now

OH OH
oq1 0Q1
oH oH
OH oan | O 9Qn
an on | o¢ oM
Jp1 0Py
oH oH
Opn opP,

Pedro Tredezini (FUSP) I G D



Invariance is on steroids now

7 On In
/= (—In (’)n)

JTi= 3T =
det J =1
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Invariance is on steroids now

Hamilton's equations for (¢, p) and (@, P):
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Invariance is on steroids now

Hamilton's equations for (¢, p) and (@, P):

+ JOH : LOH
=J— (=J=
n on ¢ ¢
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Invariance is on steroids now

Hamilton's equations for (¢, p) and (@, P):

a OH 2 JOH
= J— = J—
! on : ¢
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Invariance is on steroids now

Then:
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Invariance is on steroids now

Then:

Canonical transformation jacobian matrices are part of the sympletic group
SP(an,R)
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Invariance is on steroids now _

F(q,4,t):

E Z OF OH 8F OH OF
dt Oq 3pk Pk an ot

dF OF
F. H
o = (N HM o

oF 0G  OF 0G
F Q) —
{56} 2}; Oqr Opr. pr Oqy
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Invariance is on steroids now _

oF\T .oG
{F’G}ﬁ_(a_ﬁ) 5

e ATBF)TA(ATaG)
{F’G}"_<M oc) T \M %
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Invariance is on steroids now

oF

T
e - <_) 28
o

¢

{F’ G}ﬁ = {Fv G}é

Poisson brackets are canonical invariants!
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Invariance is on steroids now _

Properties:
{A,B} = —{B, A}
{A+aB,C}={A,C}+a{B,C}
{AB,C} = A{B,C} +{A,C}B
{{A7 B}7 C} + {{B’ C}vA} + {{07 A}’ B} =0
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Invariance is on steroids now

Generates a Lie Algebra!
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Invariance is on steroids now

Generates a Lie Algebra!

What else generates a Lie Algebra? Cross product and matrix commutator!
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Invariance is on steroids now

Generates a Lie Algebra!
What else generates a Lie Algebra? Cross product and matrix commutator!

Similarities between theories: Heisenberg's representation and Poisson
Brackets formulation:

1.4 A h—>0
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Action as a generator

Qi = ¢ +0q; = q; + €fi(q,p,t) P; = p; + ép; = p; + €gi(q,p, 1)
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Action as a generator

Qi = ¢ +0q; = q; + €fi(q,p,t) P; = p; + ép; = p; + €gi(q,p, 1)

Remember:
> pidg; — P,dQ; = d®
i
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Action as a generator

Qi = ¢ +0q; = q; + €fi(q,p,t) P; = p; + ép; = p; + €gi(q,p, 1)

Remember:
> pidg; — P,dQ; = d®
i

Using ® = eF":
> gidg; + pidf; = —dF
i
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Action as a generator

G=7) pifi+F:

Zgid(h — fidp; = —dG

577 = 6{777 G}

Pedro Tredezini (FUSP) I G D



Action as a generator

e=dt G=H
0q; = gidt  dp; = pidt
Qi = qi(t aF dt) B = pi(t aF dt)
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Action as a generator

t— 1+ dt:

O =eF =dt(H— Y pigi) = —L dt
W

Pedro Tredezini (FUSP) I G D



Action as a generator

t— 1+ dt:

O =eF =dt(H— Y pigi) = —L dt
W

to — t:
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Action as a generator

t—t+dt:
O =eF =dt(H— Y pigi) = —L dt
W
to — t: )
q>=—/ Ldt=-S
to
t — to:
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Almost There

Generating function F'(q, P, t):

_OF 2 9F
Pi=g. 9=3p
oF
Ht oo =K
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Almost There

K=0
Qi=p P=ow
oF
Hg:p,t) + 5 =0

_or . _oF
pl_aql 1_80(75
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Almost There

F =5(q,a,t)

Hamilton-Jacobi Equation:

0S 0S
,H(q’a_q’t) E =0
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Almost There _

dt_ P 8qiqz ot

‘fl—f=2piqg—%z=£

S /E dt + constant
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Almost There

‘H independent of time:
S=W(q) —aat
a1 = 7‘[
os _ow _
o oq
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Almost There

H independent of ¢;:

S =Wilq, - Gi-1,%i+1, - >qn,t) + Qs
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Grand Finale _

(S (Y7 (35Y) e o
2m \ \ Oz oy 0z DYET 5 T
aS

+E:
S(x7yaz7t) = W(x,y7z) —Et

1
%‘VS‘Q—FV(IIJ,QJ,Z) 0]
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Grand Finale _

p=VW and [VW| = +/2m(E —-V)
S = Phase

Pedro Tredezini (FUSP) I G D



Grand Finale

Two surfaces S = C":

aw
2T _p=
dt
dl
E=|VW|—
dl E
=0 =
dt 2m(E —V)
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Grand Finale

Phase velocity # particle’s velocity!
o
dt
p=hk FE =2mwhv
V. hk?

“=% T om

Ug
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Grand Finale

&
2=

S
s
I
3=
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Grand Finale

Schrodinger conjectured:

U= exp{%g}

S=—thln¥
95 _ —ih 0¥
or U Oz
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Grand Finale

—_h?
2mW¥

h 0¥
0|2 _ o=
5| V" +V T 5t

Wrong??



Grand Finale _

or2 02 \ Oz U Oz2
C
0x2  Oxr Ozt

_ m(@* 4+ 9% + 2%

L= 9 —V(I,y,Z)
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Grand Finale _

%S
T
1 (ov)*_o%
U \ozr) Oz
$|v\1/|2:v2qf
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Grand Finale _
oV

—_h? »
A v oA/, U — jh—
2mV +V zhat

Using S(z,y,2,t) = W(z,y,2) — Et:

—h?
—— VXU 4+ VU =EV
2m
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